In this paper we study the Schwarzschild AdS black hole with a cloud of string background in an extended phase space and investigate a new phase transition related to the topological charge. By treating the topological charge as a new charge for black hole solution we study its thermodynamics in this new extended phase space. We treat by two approaches to study the phase transition behavior via both T − S and P − v criticality and we find the results confirm each other in a nice way. It is shown a cloud of strings affects the critical physical quantities and it could be observed an interesting Van der Waals-like phase transition in the extended thermodynamics. The swallow taillike behavior is also observed in Free Energy-Temperature diagram. We observe in a → 0 limit the small/large black hole phase transition reduces to the Hawking-Page phase transition as we expects. We can deduce that the impact of cloud of strings in Schwarzschild black hole can bring Van der Waals-like black hole phase transition.
Introduction
Black hole thermodynamics in Anti de-Sitter spacetime has been a hot topic in the recent past. In a remarkable work Hawking and Page discovered a phase transition between AdS black holes and a global AdS space [1] . Witten explained the Hawking-Page phase transition in terms of the AdS/CFT correspondence as a dual of the QCD confinement/deconfinement transition [2] [3] . In [4] [5] Chamblin et al found a Van der Waals like phase transition in Reissner-Nordström AdS black hole. Recently Kubiznak and Mann discovered a surprising analogy between Reissner-Nordström AdS black holes and Van der Waals fluid-gas system in the extended phase space of thermodynamics [6] . The extended phase space refers to a phase space in which the first law of black holes is corrected by a V dP term and the cosmological constant is regarded as thermodynamical pressure of the black hole and its conjugate variable is a volume covered by the event horizon of the black hole [7] [8] . Thermodynamical behaviors of a wide range of AdS black holes are studied in details in several works [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . In a different and interesting work, Tian [28] [29] introduces the spatial curvature of Reissner-Nordstrom as a topological charge that naturally arises in holography. The author called it "the last lost charge" because it is shown that topological charge appears in an extended first law with all other known charge (mass, electric charge, angular momentum) as a new variable and satisfies the Gibbs-Duhem like relation. The phase transition related to the topological charge in ReissnerNordström AdS black hole is studied in [30] [31] . In the other side, string theory that interprets particles as vibration modes of one dimensional string objects can addresses some problems of quantum gravity. A cloud of strings is also a configuration for one dimensional strings which could be introduced as an attractive level of activities to study the gravitational effect of matter. It would be helpful considering this configuration for some reasons such as the ability of extension from four dimension to any arbitrary higher dimension space-time. After the prior work of Letelier [35] many authors have studied various gravitational models with different sources surrounded by a fluid of strings [36] [37] [38] [39] [40] which is analogous to a pressureless perfect fluid. The thermodynamics properties of the Schwarzschild AdS black hole surrounded by a cloud of strings background in a non-extended phase space was reported in [32] . In this paper we would like to study the new extended phase space of Schwarzschild AdS black hole with an energymomentum tensor coming from a cloud of strings related to the topological charge by two formal approaches which leads to the same result. At the first approach we seek T − S criticality behavior of phase transition around the critical point and try to confirm it by plotting diagrams of free energy against temperature. At the second approach we try to study these behaviors in a P − v criticality diagram. One can see the impact of cloud of strings can bring Van der Waals like black hole phase transition in an extended phase space. As we know Schwarzschild black hole never undergoes a phase transition, but as an interesting result in this work we see that the string cloud background completely changes the black hole thermodynamics and gives it a critical behavior. We also study the coexistence line in P − T diagram at which two phases are in equilibrium and ends at the critical point. Finally the behavior of system is studied near the critical point by calculating the critical exponent, we conclude that the effect of string clouds and topological charge can not change these exponents. Layout of the paper is as follows. In section 2 we define metric solution of an AdS Schwarzschild black hole in presence of a cloud of string and obtain the first Law of this black hole thermodynamics defined on the horizon. In section 3 we seek its phase transition and T −S and P −V critically and then determine critical exponents. Section 4 denotes to conclusion and outlook of the paper.
Topologically Schwarzschild AdS minimally coupled to a cloud of strings
The action of Einstein gravity coupled to the cloud of strings can be written as
where the last term is a Nambu-Goto action. Note that g is determinant of the background metric, m is a non-negative constant related to the string tension, (λ 0 , λ 1 ) is a parametrization of the world sheet Σ and γ is the determinant of the induced metric
The energy momentum tensor for a cloud of strings is given by
where the number density of a string cloud is described by ρ and Σ µν is the spacetime bivector
The black hole solution for the Einstein gravity coupled to a cloud of strings has been derived [33] as follows.
where the metric function g ij denotes to metric function of the (n−1) dimensional hyper-surface with constant scalar curvature (n − 1)(n − 2)k. The constant k specifies the geometric property of the hyper-surface, which takes the values 0, 1 and −1 for flat, spherical and hyperbolic respectively. The ADM mass M, the Unruh-Verlinde temperature T and the Wald-Padmanabhan entropy S can be written respectively as follows.
where r + is the horizon radius and Ω n−1 is volume of the n − 1 dimensional unit sphere, as plane or hyperbola. Note that we assume a constant for the volume of unit sphere so that in our study Ω n−1 = Ω k=1 n−1 [27] [28] . By using an equipotential surface f (r) = constant and by varying with respect to variables k, r, m and a, the equation (2.8) reads
for a zero equipotential surface. The last equation can be rewritten as
for which the generalized first law become
is topological charge, ω = In this section, we will study the phase transition of 5 dimensional Schwarzschild AdS black hole in the presence of cloud of strings by two approaches, T − S criticality and P − v criticality. Note that this solution for 4 dimensions reduces to Schwarzschild AdS black hole which does not have Van der Waals like phase transition (see for instance section B in ref. [8] where by vanishing the Reissner Nordström black hole electric charge the critical point disappear).
T − S criticality
To study phase transition and other thermodynamic behaviors of the system it must be noted that there is a critical hyper-surface in the parameter space and we can study it at a critical point by fixing some other parameters. As we can see the temperature of the black hole is a function of entropy and topological charge as follows.
for which the critical point can be calculated by
5)
T c = 0.52551a
The above equations show affects of the string cloud on location of the critical points. One can see in the absence of string cloud, criticality can not happened. On the other side the critical points increases with string cloud factor a. We plot the T −S diagrams of the equation of state in figure 1 . In this figure we observe that for ǫ upper than critical topological charge ( is shown by solid line) we have three different solutions for the black hole's horizon which corresponds to the identifying of them with three branches. Namely stable large black hole, stable small black hole and an unstable medium black hole. It is clear that below of critical topological charge the figure is identical to the liquid-gas transition in Van der Waals fluid. Indeed we have three cases for black hole thermodynamic in here which are small, medium and large size black holes. In above of critical topological charge, as it has investigated in figure 2, medium unstable case vanishes and small black holes is transferred to large ones straightforwardly. Another way to investigate phase transition is studying the behavior of free energy which is a function of temperature and topological charges. Actually free energy has an important role in studying thermodynamic properties of a system. Any thermodynamic system always exists in a phase which has minimum value of free energy among other possible values of them and a phase transition happens when some branches of minimum free energies cross each other. The free energy for the black hole under consideration is given by:
For plotting the diagram of free energy against Unruh-Verlinde temperature we fix a = 0.5 and a = 0.01 in figures 2 and 3. In figure 2 for topological charge lower than critical topological charge F − T diagram takes a swallow tail shape which indicates a first order phase transition between small and large black holes. In figure 3 we plot F − T diagram for a = 0.01 and we observe the small/large black hole phase transition is reduced to the HawkingPage phase transition. In fact the effects of string cloud factor is vital to have the small/large black hole phase transition. So it is interesting to note that the impact of cloud of strings can bring Van der Waals like black hole phase transition.
P − V criticality
By treating the cosmological constant as the pressure of the black hole as
one can obtain for a 5 dimensional Schwarzschild black hole surrounded by a cloud of string the Hawking temperature and the generalized first law respectively as follows.
and
where v and V are specific and thermodynamical volume which are defined respectively by for which the critical points can be calculated through the conditions
which leads to
The above equations show effect of a cloud of strings on the critical points where for a → 0, the criticality disappears as we expects in Schwarzschild black hole. In other words a cloud of strings affects on criticality of the system under consideration. The compressibility factor for our black hole solution is obtained as for the Van der Waals fluid. We plotted P − v diagrams in figure 4 . In these figures we plot the behavior of pressure when temperature or topological charge is changing around their critical values. We can see from (4.a) that by fixing a and ǫ one can infer that the Van der Waals-like behavior happens for temperatures lower than the critical temperature ( in contrary with T − S diagram which criticality happens for topological charge upper than the critical topological charge). In figure (4.b) we can see by fixing a and temperature the behavior is completely different. The Van der Waals-like behavior occurs for topological charges bigger than its critical value. Applying (3.16), (3.17) , (3.18) and defining dimensionless quantities we can rewrite (3.13) as dimensionless form such that
In temperature below critical temperature (τ < 1) there is a phase transition between small and large black hole with sizes ν s and ν l , respectively. In this transition the size of black hole is changed in an isobar process which could be defined by Maxwells equal area law, also we could see a change in the latent heat, however the Gibbs free energy keeps constant. The Gibbs free energy is obtained from (2.6), (2.7) and (2.8) in 5-dimension (n = 4) and with respect to specific volume as follows:
for which we can evaluate its critical value G c = − by putting υ c and P c from (3.16) and (3.17), respectively. In figure 5 we plotted the Gibbs free energy with respect to temperature which proved the behavior we see from P − v diagrams. Re-scaling (3.21) as g = It also would be helpful to study the coexistence line for which two phases are in equilibrium. We can find this line in P − T plane for which Gibbs free energy and Hawking temperature stay constant during the transition between two different sizes of black hole ν l and ν s for large and small volume, respectively. Regarding re-scaled equations (3.20) and (3.22) we can find this curve as a p − τ diagram which ends at critical point by the following conditions.
• g l = g s : 1 3 pν • τ l = τ s :
• 2τ = τ l + τ s :
By plotting re-scaled pressure with respect to re-scaled temperature one can observe the coexistence line as it plotted in figure 6. As we can see diagram ended at re-scaled critical point p c = τ c = 1. We can see this curve indicates a coexistence line of small and large black hole (SBH and LBH) in p − τ plane.
Behavior near the critical point
To study the behavior of the system near the critical points, the critical exponents (α, β, γ, δ) could be useful. These exponents are defined in a van der Waals thermodynamic system for T < T c as follows [34] C υ ∼ |t| 26) in which υ in a gaseous system is volume per molecules of the system or specific volume and t = T −Tc Tc . In the above equations
is the specific heat at constant volume, η = υ l − υ s is the order parameter which is calculated in an isothermal process,
is the isothermal compressibility and the last equation describes the behavior of pressure in a fixed temperature during the process corresponding to T = T c . Introducing the expansion parameters of temperature and volume around the critical point in an isobar process 27) one can expand the law of corresponding states as follows
The equations (3.21) could be applicable to obtain the exponents in our model:
• From (2.8) one can see that the entropy is independent from Hawking temperature, so C υ = 0 which leads to α = 0.
• The behavior of the order parameter depends on the changing of the specific volume in an isothermal process. This process gives us two equations: The first one is achieved from constant pressure during isothermal transition, namely p l = p s which leads to 29) and the second one is obtained from the Maxwells equal area law:
ωs ω l ω dp dω dω = 0 (3.30)
which by using (3.23) gives us another equation:
By solving two above equations we obtain
• Isothermal compressibility is derived as
, which leads to γ = 1.
• The last exponent is described by the behavior of the critical isotherm for the pressure at T = T c which is obtained by putting t = 0 in (3.23) leads to p − 1 ∼ −ω 3 yielding δ = 3.
As we can see the effect of string clouds and topological charge lead to a phase transition with the above critical exponents.
Conclusion
We studied the thermodynamics of topologically Schwarzschild AdS minimally coupled in the presence of a cloud of strings in an extended phase space. So that topological charge behaves as new charge for black hole. The entropy of the black hole is invariant under the existence of a cloud of strings but it is interesting to note that the impact of cloud of strings can bring Van der Waals like phase transition for this black hole. It is shown that the iso-topological charges correspond to the topological charge less than the critical one which can be divided into three different branches. Two branches which are correspond to the small and the large black holes are maintained as stable while the medium black hole branch is unstable. First order phase transition is observed due to some topology charges which are upper than the critical one. In figure 5 we fixed the temperature at critical value and varying ǫ upper and lower than 1, we see it is in agreement with T − S criticality. We also study the coexistence line in P − T diagram at which both phases are in equilibrium and Gibbs free energy and Hawking temperature stay fixed during transition. This line ends at critical point which is indicates in figure  6 with respect to re-scaled variables. At last we investigated behavior of the system close to this critical point by studying critical exponents. We concluded that both string clouds and topological charge have not any effect on these exponents and they stay unchanged.
